







































































































SomegeneralitiesonGroupRepsandtensorcategories
Since many Weilcohomologies are valued in fd vector spaces we expect motives
to also be finite dimensional in somesense notthe geometricdimension as motives are
supposed to give a universal cohomologytheory SeetheMaster's Thesis by Stefano Nicotra for

the details Much ofthislecture is from that
We begin with some abstract nonsense source
Det A tensor category is a 5 tuple C 4,4 Ise where C is a category and

iCxc C is a bifunctor suchthat
1 associativity pentagon axiom q z X Y Z Tta X 4 Z
2 commutativity X Yu a Y X hexagon axiom
3 identity 1 for which X 10X is an autoequivalence ande Ii 101

Example The category ofMotives is a tensorcategory indeed M N xxx pxqmad in thetensor
product and h Speck speak id o is the identity Further recall the duality operator
DCCxd.p.ms xDTpdus makes Motu a rigid Qlinear pseudoabelian tensorcategory where we
extend by additivity frompune dimension d

We will work in the category of motives but our definitions make sense forany
rigid IQlinear pseudoabelian category Now given XESmpreju we know that Su acts

oou X Xx xx via ex xn x.cn xo Further one cancheck thatthis
is an actual group action Fixing on we see that the graph Tfc X xx gives
a correspondence over Q in Corr xnxn This extends IQ linearly to a morphism

Sn Corr xnxn EndxD
Q vectorspace

Hence we get a rational representation of Sn By Maschke's Theorem as charQ0
we see that this representation will split into inneducibles

Let X Xi Xu X E edu be a partition of u then we know irreps ofSu
correspond bijectively to partitions Indeed since sis is semisimple

Is End U
1 1 n

where Vx is the irrep corresponding to Further each summand comes with an
idempotent operator e in which ex id on v and 0 otherwise see FultonHarris or
serve for the explicit form of this idempotent

So then given any of the ex Te is a projector as exoex ex on
One can check that if M X p.m Nixon xnph nm then for any cSu

we have hoop photo so this does give a morphism in Mot

Now if X Cu then the corresponding projector is the graph of ITEo which
is exactly the symmetrization Hence we set

Sym M xn fuop nm










































































































If X Cbl D then the projector is the image of IT 2 signo o Which

is the alternating operator Hence we set

Nlm Xn Ta op nm

BacktoweilcohomologI
Let It be a Weil cohomology theory Then recall that for ae Hila be1141
aub LDid Bua This is the condition of super commutativity Then we can
decompose H.CH as

H x H x It x

H2 x H2itkx
to get a superalgebra over F Given two supervector spaces h Uz the tensor
product is defined as

V Vz V b even v Vzodd

Vit VI v VI ut vi v UI

Combining this with the normal construction of symmetric and exterior powers we
get once we use Kiinneth

Lemme Let a x p o Then

H SanMD ns.ymiHcm toWHCM
gym µ µH N m toitj n

This obviously implies the following If Hcm o then HSynM NHCA and
hence is zero if n dimHIM Conversely if Hcm 0 then H Nou A Htcx and
hence is zero if n dimHtcm

Dimension
Inspired by the above we have the following definition

Det A motive Xp.m is
1 evenly finite dimensional if I n o s1 NM O i.e If op o We set
dimM max n I AM to
2 oddly finite dimensional if an o s1 SanM o i.e Muop o We set
dimM max ulSymM 03
3 finite dimensional if there is a direct sum At Me M with Meevenly fd
and M oddly fd Then dimM dimMtt dimM

Remarries




























1 Although it is not obvious the dimension is independent of the decomposition

2 The index m never appears in the definition Hence xpo is finite dimensional

iff Xp m is and they have the same dimension

3 Since SueSue eat r.eu for some re Sued and similar for ee is
Thus

Ruenop Proffusxidop
TroCpnxp oftenx id

so Symnal o Sym m 0 and similarfor AM

4 Suns tensorproduct and duals of fd motives are fd

Example
1 speak id o is evenly one dimensional Indeed

1121 speckxSpeck id id o o

Also I P P'xeo Speck id 1 is also We will see later thatdimmxon
is E dimmdimN Hence h xd xD exxo II and hadxd _Cx xxe.co 1 d
are also evenly 1 dimensional

Curves Recall that if C is a sin proj curve we have

chce choco child child

we can take check choco child as those are evenly findim by theabove
but now we have

I ch c is oddly fd of dimension2g
Proofs Since one can check that H Ich c H c we have that

H syntactical AHH c to

hence dimchild22g Thegoal is thinto show Sym cKCc O Set

an fuop 217 op p D po pz

Then Symnch c chxn O so we then need xzge.no Now since
dimC L she CYsu is smooth with quotient map gu Define

Bn LT Pn oho g E CH SncxSnc

Steps xn o fu O



Steph If n 2g2 it's well knownthat the AbelJacobimap it S're JCC
is a projective bundle with fibers of dimension m n g Then setting Su OCD
one can show

CH Snc CHCJCCDLL.su Sum

Thus showing PECH SK is zero reduces to showing that psf o
for all I

Steph we have two projections pupa S's c x SHE Suttle Then
get

page ICIopr.xitoprjtao.jopriest i priest J aijectlitjlcjccsxjcai.jo
its then enough to show aij ctopn.xitoprdpcpnfesioprz.es page O

aoo is trivial as CH1 0 notepage is dimension2gal so this failswhen
us2Gt Applying the projection formula its enough to show

prFS Page O


